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MOTIVATION

A manifold M is a topological space that is locally equivalent to
Euclidean space Rn (eg: 2D Sphere S2). A smooth manifold that
admits a Riemannian metric (gp(U,V ) = gp(V ,U), gp(U,U) ≥ 0,
U,V ∈ TpM) is called a Riemannian manifold.

In modern statistical practices, it is common to encounter data that
inherently live in curved, non-Euclidean spaces such as spherical data
Sn (e.g., directional wind data, spatial data), symmetric positive
definite matrices SPD(n)(e.g., covariance matrices, brain tensors),
Kendall shape space CPk−2 (Corpus callosum images).

Geodesic regression (Fletcher 2011) provides a framework for
modeling the relationship between a real-valued independent variable
and a manifold-valued dependent variable.

E (p, v) =
1

2 n

n∑
i=1

d(Exp(p, xi v), yi )
2, (1)

(p̂, v̂) = argmin(p,v) E (p, v). (2)
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DP Geodesic Regression

A randomised mechanism f (z ;D) is said to satisfy pure differential
privacy(Dwork et al. 2006) if
P(f (z ;D) ∈ A) ≤ exp(ϵ)P(f (z ;D ′) ∈ A), for given privacy budget
ϵ > 0, all D ∼ D ′, and A is any measurable set in M.
We use the K-norm gradient mechanism on manifolds which takes the
form: f (z ;D) ∝ exp{−σ−1∥∇E (z ;D)∥z}.
KNG satisfies pure differential privacy when the noise scale is given by
σ = ∆/ϵ where ∆ = supD∼D′ ∥∇E (z ;D)−∇E (z ;D ′)∥z is the global
sensitivity.
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Example Results - Kendal Shape Space

We analyze corpus callosum shapes from the Alzheimer’s Disease
Neuroimaging Initiative (ADNI) (Cornea et al. 2017) which lie on
Kendall Shape Space CPk−2 with k = 50 landmarks.

The independent variable is age and the dependent is the corpus callosum
image.
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Thank You For Listening
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